Introduction
In Finsler geometry, there are several important non-Riemannian quantities: the Cartan torsion C, the Berwald curvature B, the S-curvature S, the new non-Riemannian curvature H, etc. They all vanish for Riemannian metrics; hence they are said to be non-Riemannian [6, 7, 9] . The S-curvature is constructed by Shen for given comparison theorems on Finsler manifolds [10] . A natural problem is to study and characterize Finsler metrics of vanishing S-curvature. It is known that some Randers metrics are of vanishing S-curvature [8, 13] . This is one of our motivations to consider Finsler metrics with vanishing S-curvature. Shen proved that every Berwald metric satisfies S = 0 [10] . In [2] , Bao and Shen find a class of non-Berwaldian Randers metrics with vanishing S-curvature. Thus the converse of Shen's theorem is not true, generally. A natural question arises: "Under which conditions does the converse of Shen' 
Let (M,
F
s Theorem hold?"
There are 2 basic tensors on Finsler manifolds: fundamental metric tensor g y and the Cartan torsion C y , which are second and third order derivatives of There is a weaker notion of Berwald metrics, namely R-quadratic metrics. For a Finsler space (M, F ), the Riemann curvature is a family of linear transformations R y : Information geometry has emerged from investigating the geometrical structure of a family of probability distributions and has been applied successfully to various areas including statistical inference, control system theory, and multiterminal information theory. Dually flat Finsler metrics form a special and valuable class of Finsler metrics in Finsler information geometry, and play a very important role in studying flat Finsler information structures. A Finsler metric F = F (x, y) on a manifold M is said to be locally dually flat if at any point there is a standard coordinate system (
It is easy to see that every locally Minkowskian metric satisfies in the above equation, hence is locally dually flat [14, 15] . Here, we find some conditions under which a locally dually flat non-Randers type (α, β) -metric reduces to a locally Minkowskian metric. More precisely, we prove the following. 
If F is locally dually flat then it reduces to a locally Minkowskian metric.
In this paper, we use the Berwald connection and the h -and v -covariant derivatives of a Finsler tensor field are denoted by " | " and ", " respectively [12] .
Preliminary
A Finsler metric on a manifold M is a nonnegative function F on T M having the following properties:
(c) for each y ∈ T x M , the following quadratic form g y on T x M is positive definite,
The family C := {C y } y∈T M0 is called the Cartan torsion.
Given a Finsler manifold (M, F ), then a global vector field G is induced by
where
G is called the associated spray to (M, F ). The projection of an integral curve of G is called a geodesic in M .
In local coordinates, a curve c(t) is a geodesic if and only if its coordinates (c
A Finsler metric F = F (x, y) on a manifold M is said to be locally dually flat if at any point there is a coordinate system (x i ) in which the spray coefficients are in the following form:
coordinate system is called an adapted coordinate system [4] . In [8] , Shen proved that the Finsler metric F on an open subset U ⊂ R n is dually flat if and only if it satisfies
Let U (t) be a vector field along a curve c(t). The canonical covariant derivative DċU (t) is defined by
U (t) is said to be parallel along c if Dċ (t) U (t) = 0.
To measure the changes in the Cartan torsion C along geodesics, we define L y : For a vector y ∈ T x M 0 , the Riemann curvature R y : 
In general, the local scalar function σ F (x) cannot be expressed in terms of elementary functions, even if F is locally expressed by elementary functions.
Let G i (x, y) denote the geodesic coefficients of F in the same local coordinate system. The S-curvature is defined by
] ,
It is proved that S = 0 if F is a Berwald metric [8] . There are many non-Berwald metrics satisfying S = 0 [2] . 
By a direct computation, we obtain
where α i := a ij y j /α , and
By further computation, one obtains
Using the continuity, one can easily show that 
Let r i0 := r ij y j , s i0 := s ij y j , r 0 := r j y j and s 0 := s j y j . Suppose that
denote the coefficients of F and α respectively in the same coordinate system. By definition, we obtain the following identity:
3)
Clearly 
where ε = ε(x) is a scalar function, and ϕ = ϕ(s) satisfies
where k is a constant. In this case, S = (n + 1)cF with c = kε .
(b) β satisfies
In this case, S = 0, regardless of choices of a particular ϕ .
Proof of Theorem 1
We have the following formula for the spray coefficient
where s
By a direct computation, we can obtain a formula for the mean Cartan torsion of (α, β) -metrics as follows: 
where h i := αb i − sy i and
They also obtainedJ
where Proof of Theorem 1 Let F be a relatively isotropic mean Landsberg curvature metric with vanishing S-curvature. The following holds:
By (2.8) and (3.12) we have
If c ̸ = 0 from (3.15) we have b k I k = 0 and so by (3.10) we conclude
From (3.16) we conclude Φ = 0 or ϕ − sϕ ′ = 0. Then by (3.10) we have I = 0 and F is a Riemannian metric.
By assumption F is a non-Riemannian metric and so c = 0 . From (3.14), we conclude F is a weakly Landsberg metric. Then, by Lemma 3, F is a Berwald metric. The proof of Theorem 1 is complete. Then by (4.28), we conclude that β is a closed 1-form and then F reduces to a Berwald metric. The proof of Theorem 2 is complete. 2
Proof of Theorem 3
In this section, we are going to prove Theorem 3. First, we remark the following. 
